A complex manifold is said to be a Bergman manifold if the Bergman kernel form induces in the standard way a Kähler metric on the manifold. A Bergman manifold is said to be canonically embeddable if the canonical map into a possibly infinite-dimensional projective space defined using the Hilbert space of square-integrable holomorphic n-forms is a holomorphic embedding. In this article we define for a canonically embeddable Bergman manifold X the notion of Bergman meromorphic compactifications i : X → Z into compact complex manifolds Z characterized in terms of extension properties concerning the Bergman kernel form on X, and define the notion of minimal elements among such compactifications. We prove that any such a compact complex manifold Z is necessarily Moishezon. When X is given, assuming the existence of Bergman meromorphic compactifications i : X → Z we prove the existence of a minimal element among them. More precisely, starting with any Bergman meromorphic compactification i : X → Z we construct reductions of the compactification, and show that any reduction necessarily defines a minimal element. We show that up to a certain natural equivalence relation the minimal Bergman meromorphic compactification is unique. Examples of such compactifications include Borel embeddings of bounded symmetric domains into their compact dual manifolds and also those arising from canonical realizations of bounded homogeneous domains as Siegel domains or as bounded domains on Euclidean spaces and hence as domains on projective spaces.
Motivated by the result of Clozel-Ullmo [CU, 2003] concerning germs of holomorphic isometries of the Poincaré disk into polydisks arising from a problem in Arithmetic Dynamics, in Mok [Mo2, 2012] the author launched a systematic study of holomorphic isometries up to normalizing constants first of all between bounded domains of Euclidean spaces. Extension results obtained for such germs of holomorphic maps break down into two types, viz., interior extension results which recover results of Calabi [Ca, 1953] in these cases by a different method, and boundary extension results, which concern properties of extensions of graphs of such germs of holomorphic maps beyond boundaries of the bounded domains. The latter type of results are not accessible by the method of Calabi [Ca, loc. cit.] since the boundary of a bounded domain may completely disappear once the domain is embedded into the infinite-dimensional complex projective space P ∞ by means of an orthonormal basis of the Hilbert space of square-integrable holomorphic functions. Both interior and boundary extension results were extended to the more general context of relatively compact domains of complex manifolds.
A complex manifold is said to be a Bergman manifold if the Bergman kernel form induces in the standard way a Kähler metric on the manifold. A Bergman manifold X is said to be canonically embeddable if the canonical map Φ X : X → P ∞ defined using any orthonormal basis of Hilbert space of square-integrable holomorphic n-forms is a holo-morphic embedding. Of particular interest in this article is the case where a canonically embeddable Bergman manifold X is realized as a domain on a compact complex manifold M in such a way that the Bergman kernel form K X (z, w) extends meromorphically in (z, w) to M , as exemplified by the case of a bounded symmetric domain realized as an open subset of its compact dual manifold by means of the Borel embedding. Since biholomorphisms between Bergman manifolds induce holomorphic isometries with respect to Bergman metrics, given any two compactifications i 1 : X → M 1 and i 2 : X → M 2 with the afore-said extension property on Bergman kernels, it follows readily from Mok [Mo2] that the identity map on X extends to a meromorphic correspondence between M 1 and M 2 . In this article we are interested in such compactifications, and more generally on compactifications i : X → M , called Bergman meromorphic compactifications, which satisfy slightly weaker extension properties concerning the Bergman kernel forms which are nonetheless strong enough for meromorphic extendibility to remain valid (cf. §2, especially Definition 2.1 and Corollary 2.2 for details). We prove that any Bergman meromorphic compactication M of X is necessarily Moishezon, and moreover that there exists a minimal element M 0 among such compactifications, in the sense that any Bergman meromorphic compactification M of X dominates such a minimal element via a finite meromorphic map which extends the identity map on X. We call this the minimal Bergman meromorphic compactification, which is uniquely determined up to a bimeromorphic map which is biholomorphic on X. In order to prove the existence of a minimal element, we introduce a procedure of reduction starting from any given Bergman meromorphic compactication i : X → M , and show that a reduction of the latter compactification is necessarily minimal in the sense we described.
Borel embeddings of bounded symmetric domains into their compact dual manifolds are minimal Bergman meromorphic compactifications. We give further examples of such compactifications given by canonical realizations of bounded homogeneous domains as Siegel domains (cf. Pyatetskii-Shapiro [Py, 1969] or as bounded domains on Euclidean spaces (cf. Xu [Xu, 2005] ) and hence as domains on projective spaces.
For an introduction to results on bounded domains and more generally Bergman manifolds revolving around holomorphic isometries up to normalizing constants and related notions including holomorphic measure-preserving maps, we refer the reader to the survey Mok [Mo1, 2011] .
space and more generally bounded domains in a Stein manifold furnish examples of canonically embeddable Bergman manifolds. In the case where X = D C n is a bounded domain it is customary to define the Bergman kernel K D (z, w) in terms of the space H 2 (D) of square-integrable holomorphic functions. In terms of the Euclidean coordinates (z 1 , . . . , z n ), for the Bergman kernel form we have Proof. Since the identity map id X : X → X is a holomorphic isometry with respect to the Bergman metric, by Theorem 1.1, Graph(id X ) ⊂ X × X extends to an irreducible complex-analytic subvariety S ⊂ Z 1 × Z 2 . The canonical projections π i : S → X i ; i = 1, 2; are generically finite maps since S contains Graph(id X ), i.e., the diagonal of X, as an open subset. In other words, S ⊂ Z 1 × Z 2 is a correspondence, as desired.
We may say that K X,x ′ is uniquely determined modulo a choice of normalization at x ′ , more precisely modulo a choice of an ordered basis for T * x ′ (X), normally given by the ordered basis at x ′ defined by the differentials of a choice of holomorphic coordinates at x ′ . Writing now w ∈ X (in place of x ′ ∈ X) for a variable point on X, we have on X × {w} a holomorphic n-form K X,w := σ w on X which is uniquely determined up to a non-zero multiplicative constant. As will be obvious in the ensuing discussion the statements concerning K X,w will be independent of the choices made. We are now ready to define the notion of a Bergman meromorphic compactification. 
Suppose i : X → Z is a Bergman meromorphic compactification in the sense of Definition 2.1 with respect to the choice of a base point x 0 ∈ X. Replacing x 0 by x 1 ∈ X and defining σ 1 := K X,x 1 , we have
Noting that from the choice of
up to a non-zero multiplicative constant and we see
up to a non-zero multiplicative constant.
Thus, the assumption (a) that K ♭ X (z, w) extends meromorphically in (z, w) from X × X to Z ×Z is independent of the choice of a base point x 0 ∈ X. Assuming (a) the condition (b) is also independent of the choice of the base point x 0 ∈ X. In fact, replacing the base point x 0 by x 1 ∈ X, σ 0 is replaced by some σ 1 ∈ H 2 (X, ω X ) such that σ 1 = hσ 0 for some meromorphic function h on X which by (a) extends meromorphically to Z, so that ξ
Observe also that i : X → Z is a Bergman meromorphic compactification whenever
Moreover, from the proof of the extension theorem given in Mok [Mo2, Theorem 2.2.1] (Theorem 1.1 of the current article), the starting point is the functional identity in Eqn. (4) given by
in the notation of the statement of Theorem 1.1 here. As is evident from the arguments in Mok [Mo2] , imposing the weaker requirements on the meromorphic extendibility of As an example of a Bergman meromorphic compactification let X be the underlying complex manifold of an n-dimensional Hermitian symmetric manifold of the noncompact type. Then, X is biholomorphic to a bounded symmetric domain D C n by means of the Harish-Chandra embedding. Let Z be the compact dual manifold of X and i : X → Z be the Borel embedding. (For instance, X = B n is the n-dimensional complex unit ball, Z = P n is the n-dimensional projective space, and i : B n → P n is given by the standard embedding B n C n and the standard compactification
compactification of X when we identify X with X ′ by means of (µ| X ′ ) −1 , noting that the Bergman kernel form on X ′ can be obtained by pulling back the Bergman kernel form K X on X by µ. Take two ramified covers µ 1 : Z 1 → Z and µ 2 : Z 2 → Z of compact complex manifolds Z 1 and Z 2 branched outside of X ⊂ Z, and define
Then, X ⊂ Z 1 and X ⊂ Z 2 are Bergman meromorphic compactifications and the correspondence S ⊂ Z 1 × Z 2 as given in Theorem 1.1 is simply the irreducible component of S 0 containing Graph(id X ).
Remark
If in the definition of Bergman meromorphic compactifications i : X → Z we dropped the requirement (b), viz., that there exists an open embedding i : X → Z ′ into a compact complex manifold Z ′ such that the identity map id X extends to a (possibly) branched covering ξ : Z ′ → Z and such that ξ ⋆ (σ 0 ) extends meromorphically to Z ′ , Corollary (2.2) would still hold true. We choose nonetheless to introduce the current definition for two reasons. On the one hand, as will be seen in §3 and §4, for the purpose of constructing a minimal Bergman meromorphic compactification by a reduction process, it is necessary from the methods of proofs to extend the class of compactifications i : X → Z considered beyond those for which the Bergman kernel form K X (z, w) extends meromorphically in (z, w) to Z × Z, since it is not clear that the latter class is preserved when passing to desingularized models of quotient spaces. On the other hand, adding (b) implies that the Bergman kernels extend at least as multivalued sections of the ambient manifold, so that the requirements on the Bergman kernel may be said to be algebraic, at least when Z is a projective manifold. (As will be proven in Corollary 3.1, Z is in general always Moishezon, i.e., bimeromorphic to a projective manifold.) §3 Reduction of Bergman meromorphic compactifications Corollary 2.2 is a consequence of the proof of Theorem 1.1 in the special case of a biholomorphism between two complex manifolds. In this case, we are going to show that the multivalence of the extended map arises in general exactly as in the example in the last paragraph of §2.
First of all we give a reduction result for Bergman meromorphic compactifications. Let (X, ds 2 X ) be an n-dimensional canonically embeddable Bergman manifold, and i : X → Z be a Bergman meromorphic compactification of X. Given any finite set of distinct points {x 0 , · · · , x m } on X we have a meromorphic map Ψ m :
on X is uniquely determined only up to a non-zero multiplicative constant. Hence, Ψ m : X P m is well-defined only up to projective linear transformations on P m of a special form. We define now the notion of a reduced meromorphic compactification. 
Proof. Assume for the time being that the Bergman kernel form
be a dense sequence of points on X. Consider σ i := K X,x i . By the reproducing property of K X (z, w), for x ∈ X, a square-integrable holomorphic n-form ν ∈ H 2 (X, ω X ) is orthogonal to K X,x if and only if ν(x) = 0. Thus, any ν in the orthogonal complement of the linear span of σ i , 0 ≤ i < ∞, must vanish on the dense set (x i ) ∞ i=0 and hence identically on X. In other words, H 2 (X, ω X ) is the topological linear span of σ i , 0 ≤ i < ∞. By the Gram-Schmidt process, we obtain from
by the Gram-Schmidt process as a linear combination of a finite number of σ j , and as such each τ i extends meromorphically to Z. By assumption, the canonical map Φ X :
is a holomorphic embedding. For each integer m ≥ 1, let Φ m : X P m be the meromorphic mapping defined by
Since by assumption H 2 (X, ω X ) has no base locus on X, we have ∩ ∞ m=1 A m = ∅. By the meromorphic extension of each τ i to Z we see that A m = V m ∩ X, where V m ⊂ Z is a complex-analytic subvariety. Since each complex-analytic subvariety of the compact complex manifold Z has at most a finite number of irreducible branches, it follows that by adjoining a finite number of elements τ i , we have A m = ∅ for m sufficiently large. Since the canonical map Φ X :
is a holomorphic embedding, using the same argument one deduces that for m sufficiently large, Φ m : X → P m is a holomorphic embedding. Choose such a positive integer m and denote by Φ We define now a natural equivalence relation among Bergman meromorphic compactifications of a given canonically embeddable Bergman manifold, as follows. Starting with a Bergman meromorphic compactification i : X → Z we have constructed in Proposition 3.1 a reduced Bergman meromorphic compactification i ♭ : X → Z ♭ , which is well-defined up to equivalence. A priori the latter depends on the choice of a dense sequence (x i ) ∞ i=0 on X and the choice of a positive integer m such that Ψ m : X → P m is an embedding. We will call i ♭ : X → Z ♭ a reduction of i : X → Z. Next, we introduce the notion of minimal Bergman meromorphic compactifications. §4 Minimality of reduced Bergman meromorphic compactifications Given a canonically embeddable Bergman manifold X, there is a natural partial ordering among its Bergman meromorphic compactifications i : X → Z, where i 1 : X → Z 1 is said to dominate i 2 : X → Z 2 if and only if i 2 = ρ • i 1 for some meromorphic mapping ρ : Z 1 Z 2 where ρ restricts to a biholomorphic map from i 1 (X) ⊂ Z 1 onto i 2 (X) ⊂ Z 2 . A minimal element among Bergman meromorphic compactifications of i : X → Z with respect to this partial ordering will be called a minimal Bergman meromorphic compactification. In other words, we have For a given canonically embeddable Bergman manifold X, we now relate the reduction of its Bergman meromorphic compactifications to the notion of minimality in Definition 4.1. When a single Bergman meromorphic compactification i : X → Z is given, Proposition 3.1 gives a reduction i ♭ : X → Z ♭ such that the identity map id X extends to a meromorphic map η : Z → Z ♭ . It is not clear that up to equivalence i ♭ : X → Z ♭ is independent of the choices made in the construction. We proceed in fact to prove that when i : X → Z is given, up to equivalence 
♭ ) and (y 2 , y ♭ ) belong to Graph(µ), and hence both (y ♭ , y 1 ) and (y ♭ , y 2 ) must belong to Graph(γ), which is a contradiction since γ is a (meromorphic) map on Z ♭ 0 . Hence, the claim is proved.
To prove Theorem 4.1 it suffices therefore to prove that any reduction i ♭ : X → Z ♭ of any Bergman meromorphic compactification i : X → Z is the same up to equivalence. Equivalently, we have to show that, given any two reduced Bergman meromorphic compactifications i 1 : X → Z i ; i = 1, 2; and identifying X as an open subset of Z 1 , resp. Z 2 , the identity map id X extends to a bimeromorphic map η :
Denote by X k the image of i k : X → Z k ; k = 1, 2. In place of id X we will write f : X 1 ∼ = −→ X 2 and consider the problem of extension of Graph(f ). By Theorem 2.2.1, Graph(f ) extends to an irreducible complex-analytic subvariety S ⊂ Z 1 × Z 2 . We are going to prove that f : X 1 ∼ = −→ X 2 extends to a meromorphic map F : Z 1 Z 2 . Given this, and applying the same statement with X 1 and X 2 interchanged, we will have proved that F is a bimeromorphic map. To prove that f extends meromorphically to Z 1 we are going to argue by contradiction. Supposing that the general fiber of the projection π 1 : S → Z 1 consists of s ≥ 2 points, we obtain by analytic continuation two distinct branches f ′ and f ′′ over some nonempty connected open subset U ⊂ X 1 ⊂ Z 1 . Denote by x 1 ∈ X 1 , x 2 ∈ X 2 base points such that f (x 1 ) = x 2 . Consider ν 1 := K X 1 ,x 1 and ν 2 := K X 2 ,x 2 chosen such that ν 1 , resp. ν 2 , is of norm 1 in
Here ϵ n stands for some non-zero complex number depending only on n, and the notation K
, is understood to mean the extension of the function to a meromorphic function in (z, w), resp. in (ζ, ξ), to Z 1 × Z 1 , resp. Z 2 × Z 2 . From the functional identity given in Mok [Mo2, proof of Theorem 1.2.1, Eqn.(4)] together with the obvious adaptation to the situation of manifolds starting with the functional identity in Mok [Mo2, proof of Theorem 2.2.1, Eqn. (4)] we have the identity
for any w ∈ X 1 and for any z ∈ U . Thus, for any ξ ∈ X 2 and z ∈ U , writing K
For the map Φ ♯ m : Z 2 P m as defined in analogy to the proof of Proposition 3.1 we conclude that Φ
for any m ≥ 1, contradicting with the assumption that the Bergman meromorphic compactification i 2 : X 2 → Z 2 is reduced. (z,w) , where Q D (z, w) is a polynomial in (z, w), as can be found in Faraut-Korányi [FK, especially Eqns.(3.4) and (3.9)]. Writing D C n ⊂ M simultaneously for the Harish-Chandra embedding and the Borel embedding of D into its compact dual manifold M , the Bergman kernel K D (z, w) extends rationally to M . One can check directly from the explicit forms of the Bergman kernels that D ⊂ M is a minimal Bergman meromorphic compactification. More conceptually, the latter is a special case of the following general result concerning minimality of Bergman meromorphic compactifications for complete circular domains. 
